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In this note, we study bounds on the maximum cardinality of a b-matching, where a b-
matching is an edge setMb ⊆ E in a graph G = (V , E)with the constraint that dMb (v) ≤ b
for every vertex v. Here dMb (v) is the degree of v in the subgraph induced by Mb and
b ∈ N is a constant. If b = 1, then b-matchings are ordinary matchings. For the maximum
cardinality of an ordinary matching, we derive ν(G) ≥ 2m3k−1 for k ≥ 3, where ν(G)
denotes the maximum cardinality of a matching in G, m is the number of edges, and k is
the maximum degree of G. This answers an open question proposed by Biedl, Demaine,
Duncan, Fleischer and Kobourov [T. Biedl, E. Demaine, C. Duncan, R. Fleischer, S. Kobourov,
Tight bounds onmaximal andmaximummatchings, DiscreteMath. 285 (1–3) (2004) 7–15].
For the maximum cardinality of a b-matching, we derive νb(G)
νb−1(G) ≤ 1+ 4b−23b2−5b+2 for b ≥ 3,
where νb(G) denotes the maximum cardinality of a b-matching in G.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
Matching theory occupies a central place in graph theory and combinatorial optimization. AmatchingM in an undirected
graph G = (V , E) is a set of edges in G satisfying dM(v) ≤ 1 for every vertex v, where dM(v) denotes the degree of v in the
subgraph induced byM . The nodesmatched by edges inM are called saturated nodes; the others are called exposed nodes or
unsaturated nodes. A natural generalization of a ‘‘matching’’ is the notion of a ‘‘b-matching’’ denoted by Mb(b ∈ N), which
is also a set of edges in G, and satisfies dMb(v) ≤ b for every vertex v, where dMb(v) is the degree of v in the subgraph
induced byMb. A maximummatching is a matching in G of maximum cardinality among all the matchings, and similarly for
a maximum b-matching. A matching M with dM(v) = 1 for all v ∈ V is a 1-factor or ‘‘perfect matching ’’. A b-matching Mb
with dMb(v) = b for all v ∈ V is a b-factor.
Let ν(G) and νb(G) denote the maximum cardinality of a matching and a b-matching in a graph G, respectively. Denote
by n andm the number of nodes and edges in a graph, respectively. Let k be the maximum degree of a node in a graph.
For ordinary matchings, researchers first asked whether a graph has a perfect matching. Petersen [7] revealed that a
bridgeless cubic graph has a perfect matching. König [4] stated that there exists a perfect matching in all d-regular bipartite
graphs. To see more sufficient conditions for perfect matchings, readers are referred to [5]. Finally, Tutte [8] characterized
when an arbitrary graph has a perfectmatching. Later, researchers turned to lower bounds on the size ofmatchings in graphs
without a perfect matching. Nishizeki and Baybars [6] showed that any 3-connected planar graph has a matching of size at
least n+43 for n ≥ 22. Henning and Yeo [3] studied tight lower bounds on the size of amaximummatching in a regular graph.
Recently, Biedl et al. [2] studied the lower bounds on the size of maximal and maximum matchings in 3-connected planar
graphs and graphs with bounded maximum degree. They derived lower bounds for each class of graphs, and showed that
most bounds are tight with examples. At the end of the paper, they list a number of open problems. One of these problems
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is: ‘‘What can be said about the size of maximum matchings in graphs with maximum degree k, for some fixed k ≥ 4? Can
we obtain a bound better than m2k−1?’’ In this note, we prove the following improved lower bound: ν(G) ≥ 2m3k−1 . For bipartite
graphs, the improved lower bound of mk is well known.
For b ≥ 2, again the existence of b-factors was studied first. Tutte [9] gives a sufficient and necessary condition for a
graph with a b-factor. Comparing with the above research history of ordinary maximum matchings, it is natural for us to
consider themaximum cardinality of a b-matching in a graphwithout a b-factor. For b ≥ 3, we prove νb(G)
νb−1(G) ≤ 1+ 4b−23b2−5b+2 .
1.1. Two previous results
Berge [1] gives a min–max formula (Tutte–Berge formula) on the maximum cardinality of a matching in a graph. A
connected component of a graph is odd if it has an odd number of nodes. Denote by o(G) the number of odd connected
components in G.
Theorem 1 (Tutte–Berge Formula [1]). For any graph G = (V , E),
ν(G) = min
U⊆V
1
2
[|V | + |U| − o(G− U)]. (1)
Although the Tutte–Berge formula gives the matching number exactly, it is difficult to obtain general bounds from it.
Theorem 2 (Biedl et al. [2]). Any maximal matching in a graph with maximum degree k and m edges has size at least m2k−1 .
1.2. Main results
The main results of this note are as follows.
1. For any graph G, ν(G) ≥ 2m3k−1 (k ≥ 3).
2. For b ≥ 3 and any graph G, νb(G)
νb−1(G) ≤ 1+ 4b−23b2−5b+2 .
2. Improved lower bounds on ordinary maximummatchings
If M is a maximum matching of G, then there is no M-augmenting path in G. If we are to avoid M-augmenting paths,
we cannot connect M-exposed nodes to M-saturated nodes arbitrarily. Thus the number of edges from M-exposed nodes
toM-saturated nodes can be bounded with a smaller number than that for a maximal matching. Building on this argument,
we obtain the following lemma.
Lemma 1. If M is a maximum matching of a graph G with maximum degree k, where k ≥ 3, then the number of edges from
M-exposed nodes to M-saturated nodes is at most (k− 1)|M|.
Proof. We will show that for every edge e ∈ M , the number of edges from its end-nodes to M-exposed nodes is at most
k− 1.
Note that if one end-node of e has anM-exposed neighborw, then the other cannot have anM-exposed neighbor distinct
from w, as otherwise G has an M-augmenting path of length 3. Thus either both end-nodes of e have a unique M-exposed
common neighborw, or at most one end-node has anM-exposed neighbor.
In the former case, the number of edges from the end-nodes of e toM-exposed nodes is exactly 2, which is at most k− 1
since k ≥ 3. In the latter case, one end-node has no M-exposed neighbors, while the other has at most k − 1 M-exposed
neighbors. The statement follows. 
In contrast to the lemma above, which applies to maximummatchings, for a maximalmatchingM ′ one can only show a
bound of 2(k − 1)|M ′| for the number of edges from M ′-exposed nodes to M ′-saturated nodes. Lemma 1 provides the key
to improving the lower bound.
Theorem 3. For any graph G = (V , E), ν(G) ≥ 2m3k−1 (k ≥ 3).
Proof. Let M be a maximum matching of G, and let F be the set of edges between M-exposed and M-saturated nodes.
Excluding M and F , the total contribution to the degrees of the M-saturated nodes is at most 2|M|k − 2|M| − |F | =
2|M|(k− 1)− |F |. Thus,
m = |F | + |M| + |E − F −M| ≤ |F | + |M| + 1
2
[2|M|(k− 1)− |F |]
= k|M| + 1
2
|F | ≤ k|M| + 1
2
(k− 1)|M| = 3k− 1
2
|M| = 3k− 1
2
ν(G)
where the second inequality employs Lemma 1. As a consequence, ν(G) ≥ 2m3k−1 . 
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3. An upper bound on the ratio νb(G)
νb−1(G)
Now, we compare the cardinality of maximum b-matchings with that of maximum (b− 1)-matchings in graph Gwhen
(b ≥ 2). Since νb(G) ≥ νb−1(G), wewill derive an upper bound on the ratio νb(G)νb−1(G) to show the quantitative relation between
νb(G) and νb−1(G).
Every 2-matching consists of paths and cycles. A 2-matchingM2 with p paths of even length, q paths of odd length, r even
cycles and s odd cycles contains a matching of size |M2|+q−s2 . In terms of |M2|, the size of this matching is minimized when
s = |M2|3 ; that is, when M2 consists of disjoint triangles. Thus always ν2(G)ν(G) ≤ 3. Equality holds when G consists of disjoint
triangles.
For the case b ≥ 3, Theorem 4 stands.
Theorem 4. For b ≥ 3 and any graph G, νb(G)
νb−1(G) ≤ 1+ 4b−23b2−5b+2 .
Proof. Let Hb and Hb−1 be the subgraphs without isolated vertices whose edge sets are a maximum b-matching Mb and a
maximum (b−1)-matchingMb−1, respectively. νb(G) = |Mb|, νb−1(G) = |Mb−1|,∆(Hb) ≤ b and∆(Hb−1) ≤ b−1. Suppose
Hb contains s nodes of degree b: v1, v2, . . . , vs. LetMD be amaximummatching of the subgraphD induced by {v1, v2, . . . , vs}
in Hb. Let |MD| = t . We can delete these t edges in MD to turn the 2t saturated nodes of degree b into 2t nodes of degree
b − 1. For each of the remaining s − 2t exposed nodes of degree b in Hb, delete one edge incident to it. Thus we delete
altogether s − t edges from Hb and get a subgraph H with ∆(H) ≤ b − 1. Obviously, νb(G) − (s − t) = |E(H)| ≤ νb−1(G)
and νb(G) ≥ 12 sb. Thus,
νb(G)
νb−1(G)
≤ νb(G)
νb(G)− (s− t) = 1+
s− t
νb(G)− (s− t) = 1+
1
νb(G)
s−t − 1
.
Now, we only need to consider the lower bound on νb(G)s−t . It is easy to see that the s − 2t MD-exposed nodes form an
independent set in Hb. These exposed nodes are either neighbors of the other 2t saturated nodes of degree b or neighbors
of those nodes of degree at most b − 1 not in D but in Hb. If t is too small, then some of the s − 2t exposed nodes must be
adjacent to the nodes of degree≤ b− 1, which is not in D but in Hb.
By Lemma 1, at most t(b − 1) edges connect the 2t saturated nodes to the MD-exposed nodes. On the other hand, the
total degree from the s− 2t exposed nodes is at most (s− 2t)b.
If t(b− 1) < (s− 2t)b, then some of the s− 2t exposed nodes must be adjacent to other nodes of degree≤ b− 1 in Hb.
Solving the inequality t(b − 1) ≤ (s − 2t)b, we get t ≤ sb3b−1 . It is natural to discuss the lower bound of νb(G)s−t according to
the value of t:
Case 1: t ≥ sb3b−1 ; clearly, νb(G) ≥ 12 sb. It is easy to see that the lower bound of νb(G)s−t can be obtained when t = sb3b−1 :
νb(G)
s− t ≥
1
2 sb
s− t ≥
1
2 sb
s− sb3b−1
= 3b
2 − b
4b− 2 .
Case 2: t ≤ sb3b−1 ; in this case, t is so small that some of the s − 2t exposed nodes are neighbors of other nodes of degree
≤ b− 1 in Hb. Thus we can give a larger lower bound of νb(G). It is not hard to get: νb(G) ≥ 12 sb+ 12 [(s− 2t)b− t(b− 1)].
Thus,
νb(G)
s− t ≥
1
2 sb+ 12 [(s− 2t)b− t(b− 1)]
s− t = h(t) =
sb− 32 tb+ 12 t
s− t .
In order to find the minimum value of h(t) in the interval [0, sb3b−1 ], we calculate the differential coefficient, h′(t):
h′(t) = s− sb
2(s− t)2 < 0.
Thus h(t) is a decreasing function. As a consequence, when t = sb3b−1 , h(t) reaches its minimum value. We have
νb(G)
s− t ≥ h(t) ≥ h
(
sb
3b− 1
)
= 3b
2 − b
4b− 2 .
As a result, the lower bound of νb(G)s−t is always
3b2−b
4b−2 . Thus,
νb(G)
νb−1(G)
≤ 1+ 1
νb(G)
s−t − 1
≤ 1+ 1
3b2−b
4b−2 − 1
= 1+ 4b− 2
3b2 − 5b+ 2 . 
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